Abstract. We compute the (primary) equivariant Euler characteristics of the building for the general linear group over a finite field.
Introduction
Let G be a finite group, Π a finite G-poset, and r ≥ 1 a natural number. The rth equivariant reduced Euler characteristic of the G-poset Π as defined by Atiyah and Segal [2] is the normalized sum
of the reduced Euler characteristics of the X(Z r )-fixed Π-subposets, C Π (X(Z r )), as X runs through the set of all homomorphisms of Z r to G. In this note we specialize to posets of linear subspaces of finite vector spaces. Let q be a prime power, n ≥ 1 a natural number, V n (F q ) the n-dimensional vector space over F q , L n (F q ) the GL n (F q )-poset of subspaces of V n (F q ), and L * n (F q ) = L n (F q ) − {0, V n (F q )} the proper part of L n (F q ) consisting of nontrivial and proper subspaces. In this context the general Definition (1.1) takes the following form: Definition 1.2. The rth equivariant reduced Euler characteristic of the GL n (F q )-poset L * n (F q ) is the normalized sum χ r (L * n (F q ), GL n (F q )) = 1 | GL n (F q )| X∈Hom(Z r ,GL n (Fq)) χ(C L * n (Fq) (X(Z r )))
of the Euler characteristics of the subposets C L * n (Fq) (X(Z r )) of X(Z r )-invariant subspaces as X ranges over all homomorphisms Z r → GL n (F q ) of the free abelian group Z r on r generators into the general linear group.
The rth generating function at q is the associated power series
with coefficients in integral polynomials in q.
Theorem 1.4. F 1 (x) = 1 − x and F r+1 (x)F r (x) = F r (qx) for r ≥ 1.
The first generating functions F r (x) for 1 ≤ r ≤ 5 are
(1 − q 3 x) 4 (1 − qx) 4 and from, for instance,
(1 − q 2 x) 3 (1 − x) = 1 − (q − 1) 3 (x + (3q 2 + 1)x 2 + (6q 4 − q 3 + 3q 2 + 1)x 3 + (10q 6 − 3q 5 + 6q 4 − q 3 + 3q 2 + 1)x 4 + · · · we read off that the 4th equivariant reduced Euler characteristics for n = 1, 2, 3, 4 are We also discuss p-primary equivariant reduced Euler characteristics χ p r (L * n (F q ), GL n (F q )) for any prime p (Definition 5.1). The p-primary generating function at q
has a presentation similar to the one of Theorem 1.5. In case q is a power of p, the p-part (q n −1) p = 1 for all n ≥ 1 and F p r (x) = exp − n≥1 x n n = exp(log(1−x)) = 1 − x. The more interesting case is thus when q is prime to p.
The subspace poset L * n (F q ) is GL n (F q )-equivariantly homotopy equivalent to the subgroup poset S q+ * GL n (Fq) consisting of subgroups H of GL n (F q ) with GCD(q, |H|) > 1 [13, Theorem 3.1] . In Theorems 1.4-1.6 we may therefore replace L * n (F q ) by S q+ * GL n (Fq) . This note consists of six sections including an appendix with numerical tables. The next two sections prepare for the proofs of Theorems 1.4 and 1.5 in Section 4. The final Section 5 concerns p-primary equivariant reduced Euler characteristics of subspace posets. Theorem 1.6 follows from Lemmas 5.14 and 5.21.
The following notation will be used in this note: q is a prime power p is a prime number ν p (n) is the p-adic valuation of n n p is the p-part of the natural number n (n p = p νp(n) ) F q is the finite field with q elements Z p is the ring of p-adic integers See [16, 12] for equivariant Euler characteristics of boolean and partition posets.
Equivariant Euler characteristics of subspace posets
From now on, we will often write simply χ r (n, q) for χ r (L * n (F q ), GL n (F q )). Proposition 2.1. Suppose that r = 1 or n = 1.
(1) When r = 1, χ 1 (n, q) = −δ 1,n is −1 for n = 1 and 0 for all n > 1.
(2) When n = 1, χ r (1, q) = −(q − 1) r−1 for all r ≥ 1.
for all r ≥ 1.
We now know that the first generating function is F 1 (x) = 1 + n≥1 χ(n, q)x n = 1 − x, independent of q. We aim now for a recursion leading to the other generating functions F r (x) for r > 1. From the next lemma ensues a significant reduction of the problem.
The assumption is that A contains an element of order s, the characteristic of F q . Let F = C Vn(Fq) (O s (A)) be the subspace of vectors in V n (F q ) that are fixed by the Sylow s-subgroup O s (A) of A. Then F is a nontrivial [6, Proposition VI.8.1] and proper subspace of F n q which is normalized by A since (vg)h = (vh)g = vg for all g ∈ A, h ∈ O s (A). Then U ≥ U ∩ F ≤ F is a contraction of C L * n (Fq) (A). We also need to know that the rth equivariant reduced Euler characteristic is multiplicative. For any lattice L, we write L * = L − { 0, 1} for the proper part of L of all non-extreme elements.
Lemma 2.3. The function χ r is multiplicative in the sense that
for any finite set of G i -lattices L i , i ∈ I, and any r ≥ 1.
Proof. This follows immediately from the similar multiplicativity rule, χ(( i∈I L i ) * ) = i∈I χ(L * i ), valid for usual Euler characteristics. Using this property, and assuming for simplicity that the index set I = {1, 2} has just two elements, we get
for any r ≥ 1.
We now formulate a basic recursive relation between equivariant reduced Euler characteristics of subspace posets.
Corollary 2.4. When r ≥ 2, the rth equivariant Euler characteristic of the
Proof. For general reasons
where the sum ranges over conjugacy classes of elements of GL n (F q ). According to Lemma 2.2, only the semi-simple classes contribute to this sum.
Generating functions for polynomial sequences
Let A = (A(1), A(2), . . .) = (A(d)) d≥1 and a = (a(1), a(2), . . .) = (a(n)) n≥1 be sequences of integral polynomials in the variable q. Definition 3.1. The A-transform of the sequence a is the sequence T A (a) with nth element
e(ms ,ds ) e(m1,d1)m1d1+···e(ms,ds)msds=n
where • the sum ranges over the set M n of all multisets λ of pairs
e(ms,ds) is a partition of n • the first product ranges over the set of all d occurring as second coordinate of an element of the multiset λ
is the multiset of multiplicities of elements of λ with d as second coordinate
The number of multisets of pairs (
where p(e) is the number of partitions of e and P (n) the set of partitions of n. The Euler factorization of the generating function of this sequence (OEIS A006171) is
where τ (n) is the number of divisors of n. The first terms are 1, 3, 5, 11, 17, 34, 52, 94, 145, 244, . . ..
For instance, the polynomial T (a) 10 (q) is a sum of 244 terms, one of which,
is contributed by the multiset λ = (1, 1) 2 (2, 1) 2 (1, 2) 2 . The relation between a sequence a and its A-transform T A (a) is can be expressed more concisely using generating functions. Let 
] be the multiplicative abelian group of polynomial power series with constant term 1. For a polynomial power series F (x) = 1 + n≥1 a(n)x n ∈ 1 + (x) with constant term 1, write T A (F (x)) for the generating function of the A-transform of its polynomial coefficient sequence a = (a(n)) n≥1 . The defining relations for the A-transform of a polynomial sequence (a(n)) n≥1 or a polynomial power series
Note that T A : 1 + (x) → 1 + (x) is multiplicative and translation invariant in the sense that
for any two polynomial power series F (x), G(x) ∈ 1 + (x). From now on, A(d) will not be any sequence of polynomials but we will fix 
by using Euler factorization. We conclude that
for any two integers i and j. In particular, the iterated A-transforms
We shall need not only the A-transform but also theĀ-transform. The slightly modified sequenceĀ given by
differs from A only at the first term: A(1)(q) = q whileĀ(1)(q) = q − 1. This is reflected in the relations
between generating function. We now determine the iteratedĀ-transforms of 1 − x.
Proof. The A-transform and theĀ-transform of the polynomial power series
From (3.6) and (3.8) we now get that
The companion matrix of a monic polynomial
An element g of GL n (F q ) is semi-simple if the order of g is prime to q. The primary rational canonical form of a semi-simple g ∈ GL n (F q ) has the form
where the f i ∈ F q [t], are distinct irreducible monic polynomials. The degree 1 polynomial t with constant term equal to 0 is, however, not allowed as the companion matrix (0) is not invertible. Thus there are q − 1 allowed monic irreducible polynomials of degree 1. Let d i be the degree of f i . Because [7, Lemma 2.1]
the contribution to the sum of Corollary 2.4 is
semi-simple elements of GL n (F q ) with the same contribution to the sum for χ r (n, q). In other words,
Proof of Theorem 1.4. Let F r be the generating function of the polynomial sequence ( χ r ) n≥1 . Then F 1 (x) = 1 − x according to Proposition 2.1.(2). We observed above that F r+1 = TĀ(F r ) for all r ≥ 1 and we saw in Lemma 3.9 that
See [17, Proposition 4.1] for an alternative proof of the case r = 2 where
Proof. Suppose that F r (x) − 1 lies in the principal ideal generated by (q − 1) i . Then
lies in the principal ideal generated by (q − 1) i+1 .
Corollary 4.2. q n−1 | χ r (n, q) for all odd r ≥ 1 and for all n ≥ 1.
Proof. Let r ≥ 1 be odd. Write the generating function F r (x) as 1 + n≥1 a(n)x n . Then
By inspection one sees that if q n−1 divides a(n) for all n ≥ 1 then q n−1 also divides the coefficient of x n in the above expression.
For example, in the third generating function
4.1.
Other presentations of equivariant reduced Euler characteristics. In this subsection we view q as a fixed prime power rather than as the variable of a polynomial ring. To emphasize the shift of viewpoint we write F r (x)(q), the rth generating function at q, for the power series in
] at the prime power q.
Proof of Theorem 1.5. Write log F r (x)(q) = n≥1 f n r x n n . Theorem 1.4 implies that f
for all n ≥ 1 and r ≥ 1. Thus f n r = −(q n − 1) r−1 for all r ≥ 1.
We now unfold the recursion for equivariant reduced Euler characteristics implicit in Theorem 1.4.
Corollary 4.3. The rth equivariant reduced Euler characteristics, χ r (n, q), at the prime power q are given by the recursion
with the convention that χ r (0, q) = 1.
Proof. Apply Lemma 5.30 to the formula of Theorem 1.5.
The infinite product presentation (Lemma 5.30) of the rth generating function at q is
is the number of monic irreducible degree n polynomials in F q [t]. I am not aware of any similar interpretation of b r (q)(n) when r > 2.
The p-primary equivariant reduced Euler characteristic
In this section we discuss the p-primary equivariant reduced Euler characteristics of the
of reduced Euler characteristics.
The rth p-primary generating function at q is the integral power series
associated to the sequence ( χ p r (n, q)) n≥1 of p-primary equivariant reduced Euler characteristics. The rth p-primary equivariant unreduced Euler characteristic χ p r (n, q) agrees with the Euler characteristic of the homotopy orbit space BL *
for all p, q, and r ≥ 1.
Proof. When r = 1, the p-primary equivariant reduced Euler characteristic and the equivariant reduced Euler characteristic agree and we refer to Proposition 2.1. When n = 1,
Proposition 5.3 and Lemma 2.2 show that
In particular, the first p-primary generating function at q, F p 1 (x)(q) = F 1 (x)(q) = 1 − x, is independent of p and q. When q is prime to p, write ord p n (q) for the order of q modulo p n [9, Chp 4, §1].
Lemma 5.4. When p q and n is big enough, ord p n+1 (q) = p ord p n (q).
× that are onto if p is odd and n ≥ 1 or p = 2 and n ≥ 3; see (the proofs of) [9, Theorem 2, Theorem 2' Chp 4, §1]. The kernels of these homomorphisms have order p. Viewing ord p n (q) as the order of the subgroup q p n ≤ (Z/p n Z) × generated by q, it follows that ord p n+1 (q) must equal either ord p n (q) or p ord p n (q). Suppose that ord p n (q) = r and q r = 1+a 0 p n where p a 0 . (There will eventually be an integer n with this property: Suppose that ord p (q) = r. Write q r = 1 + a 0 p n where n ≥ 0 and p a 0 . Then also ord p n (q) = r.) If we assume that ord p n+1 (q) = r, then we can write q r = 1+bp n+1 for some integer b. This contradicts p a 0 . Therefore, ord p n+1 (q) = pr. Since also
where p a 1 , we can continue inductively.
Let A p (d)(q) be the number of monic irreducible degree d and p-power order polynomials in the polynomial algebra
e is a power of p then t We 
where the sum ranges over the set [GL n (F q ) p ] of conjugacy classes of elements of p-power order. Since such elements have primary rational canonical forms build from irreducible monic polynomials of p-power order which are enumerated by the sequence (A p (d)(q)) d≥1 , the situation is formally exactly as in the proof of Theorem 1.4.
According to Theorem 5.6 and Equation (3.2), the generating functions (5.2) are given by the recursion
Corollary 5.8. F p r (x)(q), the rth p-primary generating function at q, depends only on r and ν p (q).
We shall now determine F p r (x)(q) in all cases. The following notation and well-known lemma will be convenient. Definition 5.9 (L-notation). Let c be a boolean and a 1 , a 2 two rational sequences. Then L(c : a 1 ; a 2 ) is the rational sequence with value
With this notation we have for instance
Lemma 5.11 (Lifting the Exponent). Let p be any prime and n ≥ 1 any natural number.
(1) If a ≡ b ≡ 0 mod p and gcd(p, n) = 1 then ν p (a
If a and b are odd and n even then ν 2 (a 
We shall also make use of the following two series.
Definition 5.12. When p is a prime number and r ≥ 1 a natural number, let 
for r > 1. 
Use this relation repeatedly
to finish the proof.
It turns out that the prime p = 2 must be handled separately.
5.1.
The case p = 2. In this subsection the prime p will be equal to 2.
Lemma 5.14 (p = 2). The 2-primary generating functions at q are
Proof. The 2-equivalence classes of odd prime powers are represented by the 2-adic numbers ±3 
for r > 1.
We now go through four cases and determine closed expressions for these 2-primary generating functions. q = 9 2 e , e ≥ 0: We first focus on the 2-primary generating functions F 
so that in general we get the explicit expression
by (5.15). We may thus write
where (2 e · 4n) 2 = ((3 2 e ) n − 1) 2 by Lemma 5.11. q = −3: We observe that 
leads with input from (5.16) to the recursion
where L(2 | n : (2 e · 4n) 2 ; 2) = ((−3 2 e ) n − 1) 2 by Lemma 5.11.
F 2 r (x 2 )(9) 2 we get the recursion
whose solution leads to the explicit expression
where L(2 | n : (4n) 2 ; 2) = (3 n − 1) 2 by Lemma 5.11.
Corollary 5.17. The 2-primary generating functions F 2 r (x)(−3) at −3 determine all other 2-primary generating functions as
(e > 0)
Proof. Combine the expressions for the generating functions from Lemma 5.14 with Proof. According to Definition 5.12 and Lemma 5.14 we may write 
where (r − 1)(2 + e) − 1 = (r − 2) + (r − 1)(1 + e) ≤ (r − 2)(n + 1) + (r − 1)(1 + e). It follows that F 2 r (x)(3 2 e ) ≡ 1 mod 2 (r−1)(2+e) . By Lemma 5.14
Since both factors here are congruent to 1 modulo 2 r−1 this also holds for their product, F 2 r (x)(−3 2 e ). Similarly,
The infinite product representations of the proof of Proposition 5.18 have the form
. We now focus on the second 2-primary generating functions F 
denote the generating function of the sequence counting the number of partitions of natural numbers into powers of p [1, Theorem 1.1]. We have P (0) = 1 and
because the functional equation leads to a recursion for the coefficients of the generating function for log P p (x).
Corollary 5.20 (p = 2, r = 2). The second 2-primary generating functions at ±3
Proof. When r = 2, the recursion (5.7) states that
as we saw in the proof of Lemma 5.14. The final identity here follows from (5.19).
5.2.
The case p > 2. Throughout this subsection, p is an odd prime.
Lemma 5.21. The rth p-primary generating function at the prime power q is
Let g is a prime primitive root mod p 
Proof. Since the order of q 
The second p-primary generating function at q p e , where q = g p−1 as in Lemma 5.22,
is related to the p-adic partition function P p (x) of (5.19). 
Proof. This is easily proved from
and 
n . Then f n 1 = −1 for all n ≥ 1 and the above identity shows that
The obvious solution to this recursion is f n r = −L(t | n : (p 1+e n) r−1 p ; 1). Since ord p (g s ) = t and ν p ((g s )
Corollary 5.25. Suppose that q = g p−1 and that u = g s where st = p − 1. Then
for all r ≥ 1 and e ≥ 0.
The left hand side is described in Lemma 5.24 and Equation (5.10) and the right hand side in Lemma 5.22.
If we putF
for all prime powers v prime to p, Corollary 5.25 states that
or, more directly, that The infinite product presentation (Lemma 5.30) of the rth generating function at q is
shows that A p (n)(q) = b p 2 (q)(n) and we obtain formulas
similar to the classical formulas (3.4) or (3.7) apparently due to Gauss.
Generating functions.
This subsection consists of two easy, probably well-known, lemmas about generating functions.
Lemma 5.29. Suppose that F (x) and G(x) are power series with constant term 1 and that
for some integers a and b. If log F (x) = n≥1 f n x n n and log G(x) = n≥1 g n x n n then
n . This proves the lemma as g n = f n + q n .
Lemma 5.30. Let (a n ) n≥1 , (b n ) n≥1 , and (c n ) n≥1 be integer sequences such that Proof. The first identity follows from n≥1 na n x n = n≥1 k≥1
nb n x nk obtained by applying the operator x d dx log to the given identity exp( n≥1 a n x n n ) = n≥1 (1 − x n ) −bn . Möbius inversion leads to the second identity. The third identity follows from 1 + n≥1 c n x n n≥1 a n x n = n≥1 nc n x n obtained by applying the operator x d dx to the given identity exp n≥1 a n x n n = 1 + n≥1 c n x n .
Acknowledgments
I thank the participants in a discussion thread at the internet site MathOverflow for some extremely helpful hints. The On-Line Encyclopedia of Integer Sequences was very helpful. The computer algebra system Magma [3] was used for many explicit and experimental computations. Tables   χ   2   2 (n, q) n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 q = 3 
6.

